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Abstract. We use the theory of motivic integration in order to give a geometric explanation of the 
behavior of some p-adic integrals. 



1. Introduction 

In |Sko09j the author computes the integral Ip — /^^ ini<i<j<n(^« ~ Xj)\pd^Haar- The method is 
recursive and finds a rational function / such that Ip = f{p) (with respect to the normalized absolute 
value). Looking at these computations it is immediate that instead of integrating over we may as 
well integrate over W(Fg)", where W is the Witt vectors and q is any power of p, to obtain the value of 

~ /w(F )" ini<i<j<n(^i ~ Xj)\pd^Haa7- for different powers q of the fixed prime p. It turns out that 
for every q, Iq = f{q). Here / is the same rational function as above, it is hence independent of q. 

This kind of behavior is unusual, one would expect that / should vary with q {cf. Example l3.6p . When 
it occurs one could suspect that there is some geometric explanation; the aim of this paper is to give such 
an explanation. 

For this we use a version of geometric motivic integration, developed in [RokOSj . This theory is 
constructed in almost exactly the same way as the standard theory of geometric motivic integration (see 
|Loo02) or |DL02j . and }Seb04) for the case of equal and mixed characteristic respectively). The main 
difference is that when the standard motivic measure takes values in Mk, i.e., Mk — Ko(Vari;)[L^-^] 
completed with respect to the dimension filtration, we complete ^Ak with respect to a stronger topology. 
This allows us to specialize our motivic integral to the corresponding p-adic one, by counting Fp-points on 
the motivic integral. On the contrary, the point counting homomorphism is not continuous with respect 
to the dimension filtration, hence does not extend to A^fe. 

For this reason we defined, in [R6k08], a topology on Mk for which the point counting homomorphism 
is continuous in case k = ¥p. Let Ko(Varfc) he Mk completed with respect to this topology. Let, for 
every power q of p, Cq be the point counting homomorphism Mw^ Q, induced by X i— > |X(Fq)|. 
It extends by continuity to a homomorphism C,: Ko(VarFp) M. Now, when A" is a variety over a 
complete discrete valuation ring, we may define a measure px on certain subsets of its arc space, Xoo- 
This measure takes values in Ko(Varfc), where k is the residue field of the discrete valuation ring. (Instead 
of taking values in Mk, which is the standard choice.) In case X = AJ^ we will have Xoo = W(Fp)", 
and Cqfix{A) = HHaar{A n W(Fq)") for every measurable subset A C X^o- 

Using this theory of motivic integration, we prove that if A:" = then 



I^j in {X7-X,)\pdnx 

l<i<j<n 

is a rational function in L = [Af^] with integer coefficients, more precisely / = /(L) where / is the same 
as above (this follows from Theorem 15. lOp . By applying the point counting homomorphism we recover 
the original integrals, Cql = Iq for every power q of p, showing that Iq = /((?). 

Here is an overview of the paper: In Section [2] we give a quick review of the theory from |Rok08) in 
the case of interest to us in this paper, namely when X is an affine space. We then prove some general 
result about our motivic integral in this case, in particular that all the integrals that we are interested in 
exist. 
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In Section [3] we compute the integral of the absolute value of a polynomial in one variable. This case 
is easier than the case of many variables, and it is possibly to compute a satisfactory explicit value of the 
integral for any polynomial whose image over the residue field is separable. 

In Section [4] we give three fundamental results, about change of variables and separation of variables. 
We need these in the last section, to perform the recursions which are the ultimate goal of the paper. 

In Section[5]we do the work that allow us to compute the integral / defined above. In fact, we compute 
more general integrals; we show that for p sufficiently large, the motivic integral of the absolute value of 
any product of Hnear forms is a rational function in L, with coefficients in Z. Then when p is arbitrary we 
compute the motivic integral of the absolute value of a product of more special Hnear forms, in particular 
the integral /. These computations also make it possible to give an explicit formula for the integral. (If 
one is only interested in the p-adic integrals, it is possible to translate these computations to that setting, 
with no reference to motivic integration.) We will also see that all these computations work also in the 
equal characteristic case. 

This paper includes a fair amount of computation in the Witt vectors, we therefore include an appendix 
on them. 

Acknowledgment. The author is grateful to Professor Torsten Ekedahl for various suggestions and com- 
ments on the paper. 

2. Background and general results 

In [RokOSj . we developed a version of motivic integration, valid over any variety X defined over a 
complete discrete valuation ring, O. In this paper we will use this theory in the case when X is an affine 
space, X — Kq. Actually, what interests us the most is when O = Zp, for then the computations of 
certain p-adic integrals can be done in the motivic setting, and then be obtained by applying Cp to the 
result. 

The present section is divided into two parts: In the first, we give a brief review, without proofs, of 
the theory from [RokQS] in the special case when X — Kq . Then in the second part we prove that all the 
integrals we are interested actually exist, and prove some basic facts about them. 

2.1. Basic definitions. We write to denote Ko(Varfc)[L~^], the Grothendieck ring of /c-varieties 
with the class of the affine line inverted. Our motivic integral takes values in a certain completion of Mk, 
which we denote Ko(Varfc) (here, k is the residue field of O). For the exact definition of the topology which 
we are using we refer to ^RokOSj, here we briefiy describe some of its basic properties: It is stronger than 
the topology coming from the dimension filtration. In fact Ko(Varfe) can be embedded in Mk, however, 
its topology is not the subspace topology. We do not have the ultra metric properties of Mk- Instead 
the point counting homomorphisms C,: Ko(VarF^) K, induced by X 1— > |X(Fg)|, are well-defined and 
continuous. In this paper the questions of convergence will mainly boil down to the following result, 
which is Example 2.14 in |RokQ8j : 

Proposition 2.1. Let k he any field. If {ei\i^n is a sequence of integers such that 00, then 

^jgpjL^*^' is convergent in Ko(Varfc). 

It follows for example that 1 — L^^ is invertible. On the other hand, J2n>o 3"L~" is not convergent; 
1 — 3L~^ is not invertible (contrary to with respect to the dimension filtration). 

We have a partial ordering on Ko(Varfc), defined on Ko(Var/j) as x < y if x + [X] — y for some scheme 
X, which we may often use to reduce questions about convergence to Proposition [2TTJ 

The construction of the motivic measure theory in [R5k08] is the standard one, used in the appendix 
of |DL02) . in |Loo02) and in |Seb04j . We will not go through these definitions here, we just tell what the 
results are in the case of interest in this paper. 

From now on, we assume that X — where O is a complete discrete valuation ring with residue 
field k, of one of the following types: 

• fc is a perfect field, of prime characteristic p, and O = W(A;), where W is the ring scheme of Witt 
vectors constructed with respect to the prime p. 

• fc is a field, and O — k[[t]]. 
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(We are mainly interested in the cases when O is either or Q[[t]] so that k = ¥p and Q respectively.) 
Then the space of arcs X^o of X = is the set 

^ \k[[tr, o=k[[t]] ' 

where k is an algebraic closure of k. We use the standard terminology in connection with the Witt vectors, 
see the appendix. Moreover, in order to get a uniform notation, we will write {xi)i>o for X]i>o ^ ^[M]- 

For every n, if O = W(fc) then Xn is the scheme whose i?-points is 'W^{R) for every fc-algebra R, 
where W„ is the Witt vectors of length n. If instead O = k[[t]] then X^iR) = {R[t]/{t'^)Y for every 
fc-algebra R. We use 7r„ to denote the projection Xoo Xn{k). 

The definitions of stable and measurable subsets of X are the standard ones. Moreover, the measure 
of a subset A C Xoo which is stable of level n is i^xiA) := [7r„(A)]L~"'' e Ko(Varfc). The measure of 
a general measureable set, and of a measurable function, is defined in the standard way. The following 
(Propositions 3.9 and 3.11 in |Rok08| l are the properties that we are after: 

Proposition 2.2. Let X = ^Zp- When A C Xoo is measurable we have, for every power q of p, 
fJ-Haar{Ar)W{¥qY) — Cq{iix{A)). Moreovcr, if f : Xoo Ko(Var/j) is measurable, then Gq fdjix = 

/w(F,)'' ^9 '-'fdf^Haar- 

2.2. Motivic integrals of absolute values of polynomials. We continue to use O to denote a com- 
plete discrete valuation ring with residue field k. 

To show that the integrals we are interested in exists we need the following simple approximation: 

Lemma 2.3. Let X ~ and let A be a measurable subset of Xoo- Then < iJ.x{A) < 1 and 
dim fix (A) < 0. 

Proof. Suppose first that A is stable of level n. We have nn{A) C Xn — A^", giving immediately 
that dimA = dim7r„(yl) - nd < nd - nd ^ 0, i.e., dinifj.x{A) < 0. Also < [7r„(A)] < L''"-, hence 
0<l^x{A) <1. 

In the general case there are, by definition, stable subsets Ai such that fix (A) — limi^oo P-xiAi), i.e., 
fix (A) = {fix{Ai))i(zii}. Since the equalities holds for stable sets it follows by definition that = (O)igN ^ 
l^x{A) < (l)ieN = 1- The same reasoning goes for the statement about dimension. □ 

Lemma 2.4. Let X = A^ and let Ai be measurable subsets of Xoo- Lf Ci oo as i oo, then the sum 
X^iGN /^■^(^i)L^'^' is convergent- 
Proof By Lemma ESI < fixiAi)!.-"' < L'"' . By Proposition [H] the sum X/igN ^' convergent 
if and only if dimL"'^' —oo, i.e., oo. In this case it follows from Lemma 2.17 of [RokOSj that 

J2iefi l^x{Ai)h^''' is conveTgent. □ 

Let X^ — Aq and let X^ be its arc space. We have a function ord: X^ ^ N U {oo}, mapping 
X to the biggest power of the uniformizer dividing x, with the properties that orda6 = ord a + ord 6 
and ord(a + b) > minjorda, ord6}. We continue to write X for A^. If / G C'i-'fi, • . . ,Xd] it defines a 
function Xoo — > X^. So for n G N we may consider the subset {ord/ > n} :— {(ai, . . . ,ad) G Xoo ■ 
ord/(ai, . . . , ad) > n}. When O = Zp this set has the property that {ord/ > n} n = {(ai, . . . , ad) G 
Zf, : ordp/(ai, . . . ,a<j) > n}. 

Lemma 2.5. Let X ~ Aq. The subset (ord / > n} C Xoo is stable of level n and px{{ordf > n}) = 
[7r„({ord/>n})]L-'^". 

Proof. To simplify the notation, we prove this for the special case when O — W(fc); the general case is 
similar. When we view Xoo as the fc-points on the ring scheme W'', we see that (ord / > n} is actually the 
fc-points on a closed subscheme. For let k[Xio, Xn, . . . , X^jy, . . . ]f^i represent W*. Let /o, /i . . . be the 
universal polynomials defining / in the Witt vectors, i.e., /„ G k[Xio, . . . , Xin]f^i and if R is any fc-algebra 
and = (r^o, ni, . . . ) G W{R) for i = 1, . . . , d, then f{ri,...,rd) = (/o(ri, . . . , r^), /i(ri, . . . , r^), . . . ) G 
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W(i?). (We write fn{ri, ■ ■ ■ ,rd) for /„(rio, . . . ,rdo; ■ ■ • ;ri„, . . . ,rd„) e R.) We then see that {ord/ > n} 
is identified with 

{(xi,...,a;d) e W(fc)'^ : /(xi, . . . , x^) = (mod V")} C -Y^o, 

i.e., 

{(2:1, ...,Xd)& \V{kY ■■ Mxi, . . . = for i = 0, . . . ,n - 1} C Xoo, 
This in turn is the fc-points on the close subscheme 

Spec k[X^o,Xa,...,X,^ ]U ^ 

(70, ■ • ■ , Jn-l) 

Now TTmi'^oo) = W5^(A:). Hence, for m > n, we see that 7rm({ord/ > n}) is the fc-points on the 
fc-scheme 

Spec • • • ' 

(/o, • • • ■ /ri-l) 

In what follows we identify 7rm({ord/ > n}) with its underlying scheme. We then see that 7rm({ord/ > 
n}) = 7r„({ord/ > n}) Af-"^~'^\ The result follows. □ 

Next consider the function a 1-^ L-"'''^-^^^) : Xoo ^ K^^(Varfc). For a e W(fc) we write \a\ := L""''^'^ 
and we want to compute the integral \f\diJ,x- The following proposition shows that the integral 
exists. 

Proposition 2.6. Let X = A^. Let A be a measurable subset of X^o, and f G 0[Xi, . . . , Xd]- The 
integral Xil/M/iA" = Ja^ °'^'^^'^I^x exists. Moreover, when X = A^^ we have, for q any power of p, 

Proof. By definition the integral equals p-xif = 0) ■ + l^^i^ ^ {ord / = z})L~*. By Lemma [231 

{ord / — i} is stable, hence AD {ord / — i} is measurable. The integral therefore exists by Lemma [2741 
Next, by Proposition [221 J^L^ "''^ ^ dfix = IAnw{v,y\f\p'^^^Haar■ □ 

The primary purpose of this paper is to show that the integral of the absolute value of a certain 
polynomial in many variables is a rational function in L, with coefficients in Z. For this we begin with 
some lemmas about general integrals of this kind of functions. 

Lemma 2.7. Let A = IJieN disjoint union of stable subsets and suppose that X^ign l^x{Ai) is con- 

vergent (so that A is measurable). Then for any / £ 0[Xi, . . . , Xd], we have /^|/|(i/i;t — X^ieN Sa I/M/^-^- 

Proof. By Proposition l2.6l the integral exists. Since Ain{ord/ = m} is stable, and v4in{ord/ = ni) C Ai, 
it follows from Lemma 3.8 of }Rok08) that the sum X]igNMA'(^i H {ord / — m}) is convergent. Hence, 
since the union A n {ord / — m} = UiGN^« {o^^/ = m} is disjoint it follows from Proposition 3.7 of 
loc.cit. that nx{A n {ord / — m}) — J2ieN l^x{Ai fl {ord / = "i}). We may therefore write 



= 5Z II MA- (A, n {ord / = m})L- 



mGN iGN 

Because of Lemma [2~4l if we do the above summation over an enumeration of N^, it is convergent. Hence 
by Lemma 2.19 of loc.cit it equals 

E E fix{A, n {ord/ = mDL-" = ^ / I/Mm;^. □ 



ieN mGN jGN 



Let fl, . . . , fr & 0[Xi, . . . , Xd]. For a = (ai, . . . , 0;^) £ N*" we write {ord/i = aij^^i for the subset 
{a G A:'oo : ord/i(a) = aj^^i C A:'oo. 

Lemma 2.8. Let X = A"^. For / C (N U {00})'^ (finite or infinite), let Ui := [j^^j{ordXi = ajf^i- 
Let / G 0[Xi, . . . ,Xd]. Then Ju^\f\dfix = SaG/ /{ordJf.=Q.}l/MMA'- (In particular the integral exists.) 
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Proof. We show that Uj is measurable, the result then follows from Lemma [2.71 Since the union Uj = 
[j^^j{oidXi — ai}f^i is disjoint it suffices, by Proposition 3.7 of ^RokOSj . to prove convergence of the 
sum 

Let iV be a large integer. We have Tri\f{{oidXi = ai}f^i) C 7rjv({ordXi > ai}f^i). The underlying 
scheme of this latter set is 

k[Xio, . . . , XiN]f^-^ -t^ id 

Spec— ^ ^Speck[X,c,,,...,X^N]Ui- 

Hence [7rA,({ordX, = < L^^^-^ti^^ and consequently nxHordX, = a^}f^^) < L-^ti"\ 

Now, when / is infinite we see that as a varies over /, max{ai}f^i — > oo, hence that — X^iLi ^ —oo. 
So by Proposition l2.1l X^ae/ ^~ ^^"^ convergent, hence by Lemma 2.17 of /oc.cii, ^^ei t^^vHordXi — 
<^i}i=i) is convergent. □ 



3. The motivic integral of a polynomial in one variable 

Let O he a complete discrete valuation ring with residue field k, constructed as in Subsection 12.11 In 
the preceding section we proved the existence of the integral \f\d^x S Ko(Varfc), where X — A^, 
and / is a polynomial in d variables with coefficients in O. In this section we compute this integral 
more explicitly, in the case when d — 1. This type of computation is standard in the theory of motivic 
integration. We include this section anyway, in order to fix notation for the later sections, and also to 
give a simple example. 

In this section we let X = A^. We use the notation of the preceding section. In particular, let 
fi € k[XQ, . . . ,Xi] be the universal polynomials that define the function x i— > f{x): X^a — > X^o- More 
precisely, the fi are such that if O = W(fc) and 

X :^ (Xo,Xi,...,X„...) e W(fc[Xo,Xi,...,X„...]) 

then 

f{X) = ((/o(Xo), /i(Xo, Xi), . . . , /,(Xo, . . . , X,), . . . ) e W(fc[Xo, Xi, . . . , x„ . . . ]) 

If O = km and X := E.>o ^ ^[^o, ■■■.X,,...\ {{t\\ then f{X) = E,>o /.(^o, • ■ • , Xi)t\ 

Let X = (xo, xi, . . . , Xi, . . . ) e Xoo (recall that we write (xq, xi, . . . ) for X]i>o ^i^^ order to get a 
uniform notation) . Write /^(a::) for /^(xo, x^). That the inequality ord /(x) > n holds is then equivalent 
to /o(a;) = f\(x) = ■ ■ ■ — fn~i{x) — 0. If m > n we then see that TTm{x) = {xq, . . . ,Xm-i) G X-mik) 
belongs to 7rm({ord / > n}) if and only if /o (x) = fi{x) = ■ ■ ■ = fn-i{x) = 0. Therefore, 7rm({ord/ > n}) 

equals the fc-points on the fc-scheme Spec 'f"^^)^ ; ^^'^ '^m^''^m,{{oTd f > n}) = {ord/ > n}. In what 

follows we will identify Tr™ ({ord / > n}) with its underlying scheme. 

Proposition 3.1 (Motivic Newton's Lemma). Let f £ 0[X] and assume that fo is non-constant and 
separable. Consider the subset {ord / > n} C Xoo, where n>l. We have an isomorphism of k-schemes 

klXn 



7r„({ord/ > n}) — > 7ri({ord/ > n}). In particular, ^x{{oi'df > rt}) = Spec -jjr^ 
Proof. Let 

k[Xo,...,X^^i] . 

•= T7 f — T * - ^■ 

[Jo, ■ • • ) Ji-lj 

Then 7ri({ord/ > n}) = Speci?^ for i = 1, . . . , n and we want to prove that Rn — Ri- We do this by 
proving that the canonical homomorphism Rt Ri+i is an isomorphism for every i > I. 

To simplify notation, we do this only in the mixed characteristic case. Let x := {XQ,...,Xi) G 
Wj+i(fc[Xo, . . . ,Xi]) and x := {Xq, ■ ■ ■ ,Xi„i,0). From (|A.ip it follows that x = x + r{Xi), so we may 
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Taylor expand to get 

fix) =/(i + V^r(X,)) 

(3-2) Bf n 

=f{£) + ■ V'r(X,) + 0(V' r(X,)) G W,+i(fc[^o, • • ■ , ^.]). 

Here /(£) = (/o, . . . , /i-i, g), where 9 is a polynomial in k[Xo, ■ ■ ■ , ^i-i]- Moreover, since tti/ = /o, it 
follows that if = (/o*, . . . , /*) then /o* = Hence = (Hi;, ■ • ■ )• Finally by Proposition 

[A3] = -F* V2'(r(Xi)) = e Wi+i(A:[Xi, . . .,Xi]). Hence if we write explicitly we see that 

the right hand side of l|3.2p is 

(/o, ...,/,_!, g) + (H;^, ...)• (0, 0, X,) =(/o, ...,/,-!, g) + (0, 0, 

On the other hand, by definition, f{x) = (/o, . . . , fi) £ Wi+i(fc[Xo, . . . , Xi]) hence we get the identity 
(3.3) MXo, ...,X,) = q{Xo, . . . , + {§^JP' ■ X, 

in k[XQ, . . . ,X 

dXo 



We shall also use the hypothesis that / is separable modulo V. This means that ^fy- is invertible in 



Let {§^y^ and h e k[Xo] be such that ■ (||^)"^ = I + hfo in fc[Xo]. 
We now prove that Ri — > is injective. Let g € A:[Xi, . . . , We have to prove that if 

g = S Ri+i then g = G Ri. So suppose that g — ft-o/o + ••• + ^i/i S k[Xo, . . . , Xi], where 
hj ek[Xi,..., Xi]. By (031) this gives 

.g = hofo + ■■■ + h,.if,.i + h,-{q + H^""" • X,) e fc[Xo, . . . , X,]. 
Substituting —q ■ {■§xz)~^ ^"-"^ -^"^ then gives 

5 = /iS/o + • • • + + h*-{q-q + h*fo) e k[Xo, X,_i], 

where the h* and h* are polynomials in A;[Xo, . . . , Xi_i]. Hence 'g — £ Ri and consequently i?i — > 
is injective. 

Finally we prove that Ri Ri+i is surjective. It suffices to show that Xi is in the image of Ri. 
Working in IjS.Sp becomes 



(3.4) = 5 + 11;^'' -X,. 



Now -gj^ e Ri is invertible, and i?i 7^ by assumption. Since Ri Ri+i is injective it hence follows 
that the image of in Ri+i is invertible, consequently we can write l|3.4p as 

^ ' '§X^ & Ri+1- 

The right hand side involves only the variables Xq, . . . , Xi_i, hence is in the image of Ri. □ 
Proposition 3.5. Let f G 0[X] and assume that fo G k[Xo] is separable and non-constant. Then 

\f\d^lx = 1 - [Specfc[Xo]/(/o)]j-^ e MVarfc). 



Proof. By definition we have 



/ \f\dfip, = L""/i;t{ord/ = m}. 

m>0 



Since {ord/ = to} = {ord/ > to} \ {ord/ > to + 1} we have 

(/o 



Hx{oTdf = to} = [SpecM^l • (L-" -L-^^+i)) 
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k\Xa 



for TO > 1. For to = we have ^^'(ord / = 0) = ^xi'^oc \ {ord/ > 1}) = 1 — Spec -jj^ 
using Proposition l2.lt 

k[Xo] 



L- 



Therefore, 



\f\df^. 



X 



= 1 



Spec 



(/o) 



7n> 1 



Spec 



1 



1 



□ 



Example 3.6. We look at the case when O — Zp: If f ^ aX + b, where a G , then 



klXo] 



k. 

Since [Specfc] = 1 we have \aX + b\d^x — showing in particular that if q is a power of p then 

More generally, assume that f is such that fo is irreducible of degree d. Then Spec /c[Xo]/(/o) ~ Fpd, 
hence \f\d^x = 1 ^ ^~T+T^' ■^PP^V^'ng Cg for different powers of p shows that 



W(F, 



a 



d/{q + 1) q = p^ where d \ i 
q—p^ where d\i 



4. Change of variables 



We prove three theorems about manipulation of these kind of integrals. Recall that we use O to denote 
a complete discrete valuation ring with perfect residue field k. 

4.1. Linear change of variables. A linear change of variables is easy to do also in the motivic case: 

Proposition 4.1. Let X = Aq and let aij E O be such that the determinant of M = (aij) is in . 
Given f e Zp[Xi, . . . define .g(Xi, . . . /((Xi, . . .,Xd)M). Then Sxjf\'^l^x = S^JdW^- 

Proof. We first prove that ^x{oTdf >n}— /i;f{ord g > n} for every n. We have a map 

{ord / > — > {ord^ > n}, 

given by {xi, . . . ,Xd) ^ {xi, . . . ,Xd)M~^ . This is a bijection, for it is well defined since g{xM^^) = 
f{xM~^M) = f{x) = (mod V"), and it has a well defined inverse x_ ^ xM. Therefore 7r„{ord/ > n} 
and TTn{oT:dg > n} are isomorphic (viewed as subschemes of consequently [7r„{ord(7 > n}] = 

[7r„{ord/ > n}]. 

It follows that fix{ordf = n} = fj.x{ordg — n} for every n, hence that the integrals are equal. □ 

4.2. Separation of variables. Throughout this subsection, let X :— Aq and y :~ Aq. Moreover, let 
Z := A'^'^ = X XQy. We may then identify {Z)oo with X^a x 3^oo- Our aim is to show the separation of 
variables result. Theorem 14.41 We do this using two partial results, which we state as the following two 
lemmas: 

Lemma 4.2. If A C Xoo and B C 3^oo are stable, then A x B C Z^q is stable, and pz{A x B) = 
fix ( A) fly (B). 

Proof. Since A and B are stable there is an integer n with the property that there are a finite number of k- 
varieties Vi such that 7r„(A) — [J - Vi{k), and a finite number of /c-varieties Ui such that 7r„(A) — [J^ Ui{k). 
We have 

7r„(A X B) =7r„(A) x 7r„(B) 

= \JVi(k)x[ju,(k) 

i 3 

= |Jl^.(i)xC/,(fc) 
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hence [7r„(A x B)] = Y.^,,[V^ U,] = Y.r,j[V.W,\ = {E,[^^])(E,[C^.]) - [7r„(^)]k„(i?)]. Therefore 
^ix>.y{A xB)^ [^„(A X B)]L-"('^+'=) = ([7r„(A)]L-"'^)([7r„(S)]L-"^) = ^ixiA)fiy{B). □ 

Lemma 4.3. If A C Xoc and B C 3^oo are measurable, then Ax B C -Zoo is measurable, and ^z{Ax B) = 

fix{A)fiy{B). 

Proof. Let Am and C™ be stable subsets of Xoo such that A A C UieN ^i™- ■'^^^ Wm ■— J2ieN l^x{C^) 
be convergent and hnim^cx) = 0. Let Bm and Z?™ be stable subsets of J^oo such that BABm C 
UiGN^i"' where i;™ := J2ieN l^xiD'^') is convergent and lim„^oo = 0. Then {A x B) A(A™ x _B„) = 
(AAA„0 X {B ABm)C UeN^^r x ^7'- By Lemma|121 ^^z{Cr x A'") = M;t(Cr)Mj^Pr), hence by 
Lemma 2.21 of |R6k08j . the sum Sm ■= J2ien f^zi^'i^ x D™) is convergent, and Sm < UmVm- Since Um 
and tends to zero the same holds for UmVm and consequently also for Sm- Hence, since A^ and B^ 
are stable, 

^.z{A X B)= lim ^lz{Am x B^) = lim ^lx{Arn)^J.y{Bm) = □ 

m — ^oo rn — *oo 

Theorem 4.4 (Separation of variables) . Let X Aq, y and Z = A^^*^. If A C Xoc and B C 

are measurable, and f £ 0[Xi, . . .,Xd], g £ 0[Yi, . . . ,Ye], then S Ay.B\^ 9\dlJ-z = /^I/Mma" ■ /bIsMmj'- 

Proof. By Proposition 12.61 the integral is convergent: 



/ \f9Wz = t^z{{A xB)n {ord/5 = CDL"? 

JAxB ^gp. 

Since {ord/g = ^} = U^+^^jjord / = ^} x {ordy = ly} we have 

(A X B) n {ord/g = ^} = y (An{ord/ = /i}) X (Sn{ord.g = i^}) 

and since this is a disjoint union of measurable sets it follows from the previous lemma that 
/ \f9\df^z = Y.( l^x{An{oidf^fi})-fiy{Bn{oi:dg^i^}))h-i 

Since this sum is convergent. Lemma 2.20 of |Rok08| says that we may rearrange it to obtain 

\y^^Jix{Ar^{oTdf = ii})i.- A (y^ ^ly{Br^ [Old f = u})i.- A = f \f\dfix ■ I \9Wy 



□ 



4.3. Multiplication by the uniformizer. In this subsection we prove a motivic version of the change 
of variables induced by multiplication by the uniformizer of the discrete valuation ring. 

To simplify notation, we write k[X,o, . . . , X,n] for the polynomial ring k[Xio, . . . , Xipf]f^^. As usual, 
we use Qn to denote the universal polynomials defining Q G 0[Xi, . . . , X„], so that Qn G k[X,o, ■ • • , X,n]. 
(See the discussion in the proof of Lemma [2751 or in the beginning of Section [3l) 

Lemma 4.5. Let X = A^. Let Q G • • • , Xn] be a form of degree s. If ordxi > for i — 1, . . . , n, 

then ordQ > s. Moreover for every C G N 

tix{{ordQ > e + s,ordx, > Oj^^i) = L-"/i;r({ordQ > ^}). 

Proof. For A'' sufficiently large, 7rjv+i(ord A > ^ + s, ordx^ > 0) is the spectrum of the algebra 

k[X,o, . . . , X,n] 

(Qo, ■ ■ • , Qi+s,x,o) 

In the mixed characteristic case, it follows from Corollary IA.4I that the class of this in Ko(Varfc) equals 
(since [X] = [Xred] for any scheme X) the class of the spectrum of 

k[X,i,...,X,N] 

{Qo{X,i), . .. , Q^(X,i, . . . ,X,^+i)) 

In the equal characteristic case, this is straight forward to prove. Now, using the change of variables 
X,i X,i-i, the spectrum of this algebra is 7rjv(ord(3 > ^). The result follows. □ 
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Theorem 4.6. Let X = Ag,, let Q G C'i-'^i, • ■ • , Xn] be a form of degree s and let A = {ordxi > 0}"^^ C 
Xoo- Then JJQ\d^ix ^h-'-'^ J^JQldnx. 

Proof. By the first part of Lemma l4?5l {ordQ = ^,orda;i > Oj-L^ = for ^ < s, hence 

/ \Q\dnx = ^^ix{oTdQ = C + s,ordx^ > 0}L^(«+'*^ 

Using the second part of the lemma it follows that this equals 

^L-"^Ar(ordQ = ^)L-(«+^) = L-"-" /" \Q\dfix. □ 

5. The motivic integral of the absolute value of a product of linear forms 

As before, we let O be a complete discrete valuation ring with residue field k, of one of the types 
described in Subsection 12.11 We define, for any n S N, X" = Ag,, and we let X^ be its space of arcs. 

The main result of this section is Theorem 15.101 and also Theorem 15.151 In Theorem 15.101 we give 
a recursive method to compute / = |n £i\d^x" , where £i € . . . , Xn] are Hnear forms. When 

— k[[t]], these forms are arbitrary; when O = W(fc) we need the forms to be of a rather special type. 
The restriction in the second case is taken care of in Theorem 15.151 when we give a recursion that works 
for general forms in case O — W(fc), provided that the characteristic of k is sufficiently large. 

When appHcable, these theorems also give a function / e Z(T) such that / — /(L). If we let O = Zp 
this also gives a motivic explanation to the phenomenon discussed in the introduction. For by applying 
Cq to /, for different powers q of p, we get J-f^(f^^\Ylii\dfiHaar = f{q)- 

Remark 5.1. As mentioned in the introduction, it is not true in general that the motivic integral of 
the absolute value of a polynomial is equal to /(L), with f G Z(T). This can be seen from the integral 
J^i \x'^ + l\d^x^- When O = Zp with p = 3 mod 4, then by Example \3.6\ this integral is equal to 

1 — [SpecFp2]/(L + 1), and by applying the point counting homomorphism for different powers of p we 
see that this cannot be equal to /(L) for f G 'L{T). 

Let us mention one remaining question about these integrals: From the computations performed 
in Theorem 15.101 and 15.151 it is clear that / G Z(T), the rational function with the property that 
/a"" in^iM/^A'" ~ is independent of O, provided that we choose O among the rings {W(fc) : 

p sufficiently large} U {fc[[t]]}. In particular, we have L^\Y\(-i\d^Haar — f[p) for p big enough. It would 
be desirable to have a motivic explanation also for this fact. This can probably be achieved using the 
theory of motivic integration developed in |CL08) . Alternatively, we indicate in the following remark how 
the problem could be handled using geometric motivic integration. 

Remark 5.2. By Theorem 6.1 of [DLOlj . if O = Q[[t]], if y ^ {P = 0} c X'^ where P is a polyno- 
mial, and if J{T) = X]i>o[>^»+i]^* ^ ■^q[['^]]; then the following holds: Firstly, J{T) is rational, with 
denominator consisting of factors of the form 1 — LT^. Moreover, if we choose representatives for the 
coefficients of J{T), defined overly, and then count ¥p-points on them, then for p sufficiently large we 
get the power series Jp{T) = Ei>olfe ^ : P{x) = 0}\T\ 

The process of choosing representatives for elements of Mq, and then counting ¥p-points on them for 
all p, defines a homomorphism C: Aiq Ilp'Q/'^; where {up) and (bp) are equivalent if ap — bp for 
almost all p. (The filter product with respect to the Frechet filter.) Since Jj^„\P\dp,Haar ~ 1 — 

p)Jp{p~^~'") , one could define the motivic integral of P by first computing J as a rational function, 
and then define the integral to be I = 1 + L^"^^(l — L)J(L^^^") G A1q[(1 — L')^^]i>i. This integral 
then has the property that C/ = {jj^„\P\dfiHaar) p G IIpQ/'^- ^o'' example, let P = X^ + 1, and let 
m ~ [Spec Q[X]/(P(X))] . Using Theorem \ 3.1\ one sees that J{T) — m/(l — T), so the integral of P 
is 1 — m/(L + 1). Hence, for p sufficiently large the value of \P\d^Haar is 1 if p = 1 mod 4 and 
(jj — l)/{p + 1) if p = 3 mod A (a result that of course is true for all p). Probably the method used to 
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prove Theorem \5.10\ can be used also to compute J{T) when P is a product of linear forms, showing that 

the integral equals /(L), hence that L„ IH ^iM/^-ffaar — f{p) for p big enough. 

p 

We now give an example showing that / is not independent of p for all p, only for p sufficiently large. 
For fix a prime I. Let p be any prime different from I, and let = A^^. Then, using Proposition 14. 1^ 
Proposition I4.4[ and Proposition 13.51 we see that 

{xi + X2)ixi - {I - l)x2)\d^x^ = [ \y1y2\dnx2 = ( [ \y\dfj,xi) 
XI Jxi, ^Jx^ ' 



(L+l)2 



If this formula were true for p = ^, then it would follow that \j^^\(x\^x-2)(x\ — (j)—X)x-2)\dx\dxi — (^^^^jr, 
contradicting the following example. 

Example 5.3. Consider the linear mapping {xi, X2) ^ (a^i + X2,xi — {p — 1)-T2) ■ ^ ^p- It is easy to 
check that it is injective, that its image is |JJ^^g(a + pZp)^, and that its Jacobian is constant of absolute 
value 1/p. Hence 

/ \{xi + X2){xi ~ {p - I)x2)\dxidx2 py2 \yiy2\dyidy2. 

Now ifa^O, S{a+p-z^)2\yiy2\dyidy2 = iJa+pz^ dyf = whereas Jf^p^^)2\yiy2\dyidy2 = {Jj^^Jy\dy)^ = 

{J^Jy\dy^J^.dyf'^{p/{p+l)~{p-l)/py = l/{p{p+l))^, hence " 

{Xi + X2)ixi - (p - I)x2)\dxidx2 = \p+i)2 ■ 

5.1. The crucial step in the recursion. The main result of this subsection is a change of variables 



result, Theorem 15.91 which is the crucial step in performing the recursion of Theorem 15.101 However, 
since the motivic recursion is inspired by ap-adic computation, but requires a different, more complicated, 
method, we begin by briefly discuss the p-adic method, and why it does not translate to the motivic case. 
This is done in the following example: 

Example 5.4. Suppose we want to compute I = j\\ai — a2\da_, where we integrate over the set A C 
of tuples such that ai = a2 mod p and ai ^ as mod p. One way to do this is to express the integral 
in terms of an integral of the same function, but now integrated over all ofL^. This is what is done for 
general integrals, and in the motivic setting in Theorem 15.^1 We illustrate this method on the integral 
I: Choosing a set of representatives of the cosets of pip, x 1-^ x: Fp — > Zp, we may write each such ai 
uniquely as ai = Xi + pj3i . Moreover, ai = aj mod p if and only if Fp. Hence 

I = / I tti — aj I da. 

On each of these integrals we perform the change of variables ai = Xi + p/3i (the Xi are fixed). The 

Jacobian of this has absolute value p~^ , hence each of the integrals in the sum equal p~^ L3\pPi—pP2\df3. 

p — 

( This step do not generalize to arbitrary linear forms, since then the Xi will not cancel.) Since there are 
p{p — 1) terms in the sum, we find that I — p{p — l)p^^^^ /^a \Pi ~ P2\dp. 

The main problem in translating this to the motivic setting is that it is not possible to partition the 
integration set in this manner. However, this partition is not visibly in the result of the computation, so 
the result might still be possibly to translate into the motivic setting. This is done in Theorem \5.{h Also, 
note that in that theorem we work in the most general case possibly, contrary to in this example. 

To prove Theorem l5.9l we first needs two lemmas about the Witt vectors. See Appendix [A] for notation 
used in connection with the Witt vectors. 

Lemma 5.5. Let k be a perfect field of characteristic p, where p is a prime different from 2, and 
let i = aX + &y G W(fc)[X, y] be a linear form in two variables whose coefficients are multiplicative 
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representatives. For x — {xq,xi, . . . ) S W(yl), where A is a k-algebra, define x — {xi,X2, . ■ .) £ W(A). 
Let y G W(A) and define y similarly. Suppose that i{x,y) = mod V. Then t{x,y) — \ l{x,y). If 
p — 2 the result holds provided £ = X — Y . 

Proof. When p ^ 2 we have for every ring A that —1 = — r(l) = r(— 1) G W(A). This follows in the 
standard way by first proving it when p is invertible in A. In this case W* is an isomorphism, and since 
W* r{x) = {x, xP,xP ,.. .) we have W* r(l) + W* r(-l) = so the result follows. But if it this result is 
true for a ring A, it holds for every sub- and quotient ring, hence for every ring. 

Let a = roo and 6 = r&Q. The condition i{x,y) = mod V then means that qqXo + boyo = 0. From 
what was said above it follows that arxo + bTyo = r(aocco) + r(&oyo) = ^{a-oxo) + r(— ooXq) = 0. We then 
have 

£{x, y) =£(j xo + V X, r ?/o + V y) 

= (ara;o + bryo) + {aY x + bY y) 
= V(Fa-5)+V(F6- y) 
= V£(5;,y). 

When p = 2 we may still prove the result when £ — X ~Y , for if £{x, y) = mod V then xq = yo, hence 
r(a;o) = r(yo). □ 

Throughout this section, we continue to use the notation of Subsection 14.31 We write k[X,o, . . . , X.n] 
for the polynomial ring A:[Xio, • ■ • , ^iAr]"=i, and use Qn to denote the universal polynomials defining 
QgO[Xi,...,X„]. 

Lemma 5.6. Fix a perfect field k of characteristic p. Let P = JliLi ^ W(fc)[Xi, . . . ,X„], where the 
£i are linear forms, all of whose coefficients are multiplicative representatives, at most two of which are 
non-zero. Moreover, if p = 2, assume that all the forms are of the type Xi — Xj. Let xi, . . . ,Xn € YV{A), 
where A is a k-algebra, be such that £i(xi, . . . , Xn) = mod V for every i, and define Xi as in Lemma 
\EE Then 

Pixi, . . . ,x„) = F'*-! P{x~i, . . . ,f-„). 

In particular, working in W(fc[X,„]„gN), we have P^ = for £, < d, and P^+d = P^{X,i, . . . 
for ^ e N. 

Proof. Using the preceding lemma and Corollary IA.3I we get 

d 

P{x\^ . . . , Xn) £i{xij . . . , Xn) 

i=l 
d 

= JJV^i(afi, . . . ,Xn) 
i=l 

d 

= F'-Wl[£,{x\,...,xn) 

= Y'-^Y^P(x^,...,Xn) □ 

In the case of equal characteristic, this lemma also holds, but for any set of linear forms. Its proof is 
straight forward, we just state the result: 

Lemma 5.7. Let k be a field, and let O = k[[t]]. Let P — nf=i^» ^ ^'[-'^i; ■ • • i^n], where the ii are 
linear forms. Let Xi, . . . ,Xn G ^[[t]], where A is a k-algebra, be such that £i{xi, . . . , Xn) = mod t for 
every i, and define Xi as in Lemma (5751 (recall that we write elements of power series rings as tuples). 
Then 

P(xi, . . .,Xn) = t'^P{xi, . . . ,ar„). 
In particular, working in k[X,n]rLen[[t\\, we have = for £, < d, and P^+d = P^{X,i, . . . ,X,^+i) for 



12 



KARL ROKAEUS 



Lemma 5.8. Let S be a finite set. Let Q — Yii^s^i' '"'here the £i £ ■ • • , -'^n] are linear forms 

satisfying the following conditions: 

• If O = k[[t]] then the ii are arbitrary 

• If O = ~W{k), where k is a field of prime characteristic different from 2, then each £i is linear 
form in at most two variables, and its coefficients are multiplicative representatives. 

• If O = W(fc), where k is a field of characteristic 2, assume that all the forms are of the type 
X, - Xj 

Let T be a subset of S. If ordli > for i E T, then ordQ > \T\. Moreover, for every integer ^ > —1 we 
have 

where Ht is the subvariety of X" ~ given by {£i)o = for i E T and {£i)o ^ for i E S \ T. 

Proof. For N sufficiently large, 7rjv+i(ord(5 > ^ + |r|,ord^i > 0,i G T, ord^i — 0,i ^ T) is the spectrum 
of the algebra 

k[X,o, . . . , X,n] [iii)o^]ti^T 

{Qo, ■ ■ ■ , Q^+\T\7 (^i)o)jgg. 

By Lemma [F!6l or [5771 the class of this equals the class the spectrum of 

k[X,Q, . . . , X,n] [(^t)o'^]t^T 

(Qo(-'^.i), • ■ • 7 Q^{X»i, ■ ■■ , {£i)o).^^ 
Now, since the {£i)o only involves the variables X,o, we may write this as 

k[X,o][{£^)g\:^T ^ k[X,i, . . .,X,n] 

((^i)o)iGT (Qo(-'^.i), ■ • ■ , Qi(X,i, . . . , X,^+i)) 

The spectrum of the first factor is Ht whereas, using the change of variables X,i i-^ X,i^i, the spectrum 
of the second factor is 7r7v(ordQ > £,)■ The result follows. □ 

Theorem 5.9. Let S be a finite set. For i £ S, let £i G 0[^i, • ■ • , Xn] be a linear forms, satisfying the 
conditions of Lemma \5.8[ Let Q — Ylies^i- Pot T C 5*, define Qt — YiieT^i- ie the subvariety 

of = Kl given by {£^)o ^ for i £ T and {£^)o ^0 forieS\T. Then 

Proof By the first part of the lemma, {ordQ = C,ord£i > 0,i e T,ord£i = 0, i ^ T} for ^ < |r|, 
hence 

/ \Q\d|Ix^^ = / IQTldux'^ 

= ^HX'^{oTdQT = C+ |T|,ord£i > 0, i G T,ord£, = 0,i^ T)L-(«+l'^l). 
Using the second part of the lemma it follows that this equals 

5.2. The recursion. We are finally ready to give the motivic version of the recursion. We will then see 
in Example 1 5 . 1 31 how to use this in practice. 

Theorem 5.10. Let O be a complete discrete valuation ring. Let Q — Yiies '^here £i G 0[Xi, . . . , Xn] 
are linear forms, satisfying the conditions of Lemma \5.8\ Then \Q\dfj,x" is a rational function in L, 
i.e., there is an f € 1,{T) such that the integral equals /(L). Moreover, f may be computed explicitly by 
recursion. 
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Proof. This recursion is immediate, using Theorem 15.91 Write, for T C S, Qt ■= YiieT^i- have 

/ \Q\d^lx= I \Q\d^lx+Yl fj-n ^T \QT\d^^■v■ 

°° ei^Q,ies\T 
Theorem 15.91 now shows that 

(5.11) (1 - [i7s]L-l^l-") / \QWx^Y.^Ht]L-\'^\-'' j \QtWx. 



The right hand side is known inductively. Moreover, since dimiJs < n it follows that [i?s]L l'^' " 
F-~l'^l M.k, hence it is not equal to 1. Also, by the first part of the proof of Theorem 15.121 Hs is an 
afHne space, hence equal to L™ for some to. Therefore, by Proposition 12. H 1 — [TJgJL"!'^!"" is invertible. 
Hence \Q\diJLx is as a rational function in L and the classes of various hyper plane arrangements. 
Because of the next theorem, Theorem l5.12t it follows that the integral is a rational function in L. □ 

The following theorem is of course already well known. We provide a proof for completeness. 

Theorem 5.12. Let V he a finite dimensional k-space, I a finite set and for every i E I , let li: V ^ k 
he a linear function. For S C /, letHs = {(-i = 0,? £ 7^ 0, i ^ S*} C Ay, i.e, Hs{R) = {a; £ R®kV : 
£i{x) = 0,i G S,£i{x) G R^,i ^ S} for every k-algehra R. Then there is a polynomial p G Z[X] such that 
[i7s] = P(]L) eKo(Varfc). 

Proof. First, let U = fligsker^i. Then Hs — {£i\u 7^ 0, z ^ 5} C Ku. We may therefore assume that 
S — ^. We now prove the claim by induction on the number of hyperplanes: First, lei i: V ^ k he 
non-zero. We may then choose a basis of V, {ei, . . . ,ed} such that (-{ei) — 1 and i{ei) = for z > 1. 
Hence {£ ^ Q} = Specfc[Xi, . . .,Xd\[X^\ and consequently [{£ ^ 0}] = L''-i(L - 1) e Ko(Varfc). 

Assume now that the claim holds for any fc-space V and for any collection of less than n hyperplanes. 
Let H ^ {£,tL 0}f^i C Ay. Define U = kerf„. Then {i^ ^ Oj^Ji^ C Ay is the disjoint union of H and 
{^^\u + ^Y^=l cAuC Ay, hence [H] - 0}^L7] - \{h\v + ^Y^=l\ e Ko(Varfe), and we are done by 

induction. □ 

We illustrate this with an example. 

Example 5.13. We apply this to the example that motivated this computations, the integral V" := 
Ixz\Ui<i<j<ni^^ -Xj)\dnx'^. By (|5.1H we have 

(1 - [{Xi = X2}]L-2-i)y2 ^ ^ X2}]L-2. 

Since [{Xi = X2}] = L and [{Xi ^ X2}] = - L follows that = L/(L + 1). 

Note that may also he computed using change- and separation of variahles, together with the result 
of Example \3.6[ ~ J^2 l^i ^ X2\d^x^ — Jx^ \^i\d^J-x^ — Jxi \^i\dfJ-x^ ' Jxi d^ix^ = L/(L + 1). 

Next we compute . Here we really need our recursion, there is no straight forward way to compute 

, as was the case with V"^ . So we use l|5.1ip to obtain 

{1 ^ [{Xi ^ X2 ^ X3}]h-'-')V' 

= 3[{Xi =X2^ X3}]L-i-3 f _ X2\d^x + [{Xi ^ X2,X2 + X3,Xi 7^ X^\\\.-^ . 

Jx^ 

Here the classes of the two first hyperplane arrangements are straight forward to compute, \{X\ — X2 — 
X3}] = L, and [{Xi = X2 = L(L — 1). For the third one we use the method of Theorem \5.12\ to 

obtain (the expected result) [Hd,] = L(L — 1)(L — 2). Finally, by separation of variables, the integral in 

the right hand side equals . Putting things together we obtain V"^ = ^ ^ ~( i'+l- i'-l- — '■ 

Remark 5.14. The integrals comes up in connection with the problem of computing the density of 
the monic nth degree polynomials whose Galois group is the full symmetric group and whose nontrivial 
inertia groups are generated by a transposition. It is possible to do the same thing for general Weyl groups, 
and the integrals appearing in these computations are also possible to handle using the recursion. 
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5.3. Arbitrary forms. In this subsection, we give a way to compute the integrals for arbitrary forms 
that works also in the mixed characteristic case. However, we the have to assume that the characteristic 
of the residue field is sufficiently large, and that the forms have coefficients in Z. Also, this method is 
rather complicated to use in practice. (This method works also in the case if equal characteristic, but 
since we already have Theorem 15.101 in that case, we state the following theorem in the case of mixed 
characteristic only.) 

Theorem 5.15. Let X — Aq, where O — W(fc) and k is a perfect field of characteristic p. Let 
Q = Ylies^it where £i G Z[Ai, . . . ,X„] are linear forms. Then, if p is sufficiently large, \Q\dpx" G 
Ko(Varfe) is a rational function in L, i.e., there is an f G Z(T) such that the integral equals /(L). 
Moreover, there is an algorithm for computing f . 

Proof. We do the recursion over the number of forms, the cardinality of S. Also, for the recursion to 
work, we compute /^.^g IQMm for any finite set of linear functions mj, j ^ M (in fact, it would 
suffice to compute it for the two cases when M = 0, and when all the £j are contained among the mj): 

So assume that all such integrals are known when Q is any product of less that \S\ linear forms. We 
then want to compute /^.^q ^gjvf IQMM) where Q = Yii^s^i 

As a first reduction, note that we may assume that 

X := Pi ker^i n Q kermj 
ies jeM 

is equal to 0. For let K' be a linear complement of K. Let y = Ak and Z — Ak'. Then, by separation 
of variables, Theorem 14.41 



\Q\dfix = / dfiy / \Q\dfiz = / \Q\dfiz- 

Hence, after a linear change of variables. Proposition 14.11 we may assume that all the elements of 
the dual basis is contained among the £i and mj, i.e., ii = Xi for i = l,...,n' and mj — Xn'+j for 
j = I, . . . ,n — n' . For this to work, we need the Jacobian to be invertible in Zp, which it is for p 
sufficiently large. 

For T C S, write Qt := Il^GT^i■ ^ote that, for T <Z S, the integral 



is known by induction. For we may eliminate the Ji ^ conditions in the following way: Choose t e S\T. 
Then 

/_ I.=0,ieT j j.^o-gj, \QtW, 

•'h^O, iGS\(n{*}) Z,#0.'»GS\(T\{t}) 

so inductively. It may be expressed as an alternating sum of 

\QT\du, 

for different T' cS\T. 

We now compute \Q\dfJ. in terms of things that are already known by induction: 

Since we may assume that £i = Xi for i = 1, . . . ,n, we have {li — 0}igs — {xi — 0}"^]^. Hence 
first term of the sum is, by Theorem 14.61 equal to L""""* \Q\dfi. The rest of the terms (after the 
summation sign), is already known by induction. Denote this second sum with E. It then follows that 
\Q\d^i = (1 - L-'*-")-iE. (That 1 - L"^^" is invertible follows from Proposition O) 
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Consider now an arbitrary integral: 



The terms after the summation sign is again taken care of by the induction assumption. The first term 
is, because of Theorem 14.61 equal to L"""** \Q\dfj.. By the first part of the induction step, this is 
already known. (It would suffice to compute this integral in the case when all £i are contained among 
the rrii, and in this case we get /^.^q ji-j^,j\Q\d^ = L^"^"* \Q\dfi.) □ 

Appendix A. The Witt vectors 

In this section we give the basic definitions in connection with the Witt vectors, W. This material is 
essentially in |Ser79j pp. 40-44 and in |Dem72| . 

A.l. Definitions. Fix a prime p. For every n £ N, define the polynomial Wn — ^^^QP^Xf G Z[X]. 
The ring of Witt vectors with coefficients in the commutative ring A, W(A), is by definition with the 
ring operations defined by requiring that the map 

W,{A) -.WiA) ^ A'* 

(T4^o(a),...,M^„(a),...) 

should be a homomorphism. W(A) is a commutative ring with identity element (1,0,0, . . .). The ring 
scheme of Witt vectors is the functor W: Rings — > Rings that takes the commutative ring A to W(A). 
W^. : W ^ is then a morphism of ring schemes. If p is invertible in A, Wr{A) is an isomorphism, 
hence ^z[i/p] — ^z[i/p] ™& schemes. 

One defines the Witt vectors of length n, W„, to be the functor that takes the ring A to the projection 
of W(A) onto its n first coordinates. This scheme is of finite type over SpecZ . One has that Wi is the 
identity functor, that is Wi(A) — A. We also have that the ring W(yl) is the inverse limit of the rings 
W„(y4.) as n ^ oo. We define the projection map 7r„ : W ^ W„ by 

(ao, ai, . . . ) ^ (ao, . . . , a„_i) : W{A) W„(A) 

for every ring A. 

If A is a perfect ring of characteristic p (meaning that x i-^ a;^ is surjective) then p is not a zero-divisor 
in W(A), which is Hausdorff and complete with respect to the filtration {p"W(A)}„gN. Moreover, the 
residue ring of W(A) is A. In particular, W(Fp) = Zp and if g = p" then W(Fq) is the integral closure 
of Zp in the unique unramified degree n extension of Qp (in a fixed algebraic closure of Qp). 

A. 2. Operations on W. Define V: W W by Va = (0, ao, . . . , a„_i, . . . ). V is short for "Ver- 
schiebung". It is not a morphism of ring schemes but it is additive. Note that W(A)/ V" W(A) ~ W„(A) 
for every ring A. 

Next we define the map r : Wi W by a ^ (a, 0, . . . , 0, . . . ). The map r is multiplicative. Moreover, 
for any a = (ao, ai, , . . . , ) £ W{A) we have 

oo 

(A.l) a = ^V'r(a,). 

1=0 

When A is perfect of characteristic p, r(v4) is the unique system of multiplicative representatives of A in 
W(yl). In particular, r(Fp) is the subset of Zp consisting of and the {p — l)st roots of unity. 

Finally, over Fp (where p is the prime that was fixed in the beginning of this section) we define the 
Frobenius morphism F : Wp^ by F a = (oq, . . . , a?^, . . . ). It is a morphism of ring schemes. 

Proposition A. 2. If A is an ¥p-algebra and a, b G W(yl) the following formulas hold: 

VFa=FVa = pa 
a- Vb =V(Fab). 
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Proof. For the first formula see |Ser79) . For the second formula it suffices to prove this when A is perfect 
so we may assume that b = Fc. The first formula, the distributive law and the fact that F is a ring 
homomorphism then give 

V(Fa- b) = V(Fa-Fc) = VF(a • c) = p(a • c) = a • {pc) = a-VFc = a-Vb. □ 
It follows that if A is an Fp-algebra, a, b G W(A) and i, j G N then 
{A.3) V' a • b = V*+^ (F^ a • F* b) . 

We need the following consequence of the the proposition: 

Corollary A. 4. Let k he a perfect ¥p-algebra, let A be a k-algehra and let A e W(fc)[Xi, . . . ,X„] he a 
form of degree d. // ai, . . . , a„ G W(yl) then 

A(Vai, . . . , Va„) = F'^"! V'^(F A)(ai, . . . ,a„). 

In particular, if A € Zp[Xi, . . . , X„] then 

A(Vai, . . . , Va„) - F''-^ A(ai, . . . , a„). 

Proof. Let A = Xf. The formula is true for d ^ 1. Suppose that it is true for d — 1. Then with the help 
of Corollary EH 

A(Va) =(Va)(Va)'^-i 

= (Va)(F''-2yd-ij^d-i^ 

^F''-iV'^A(a). 

Next, let d and n be arbitrary and suppose the formula is proved for every • • ■ xf^'^\^ with di + 
h d„-i < d. Let A = 1 • • • X^" with di + \- d„ = d. Then 



A(Vai, . . . , Va„) ={V a^)^' 

1=2 

n 



i=2 

Since F and V commute we can use Corollary [A3] on this expression to get 



1=2 

1-1 -.rd 



and because F is a homomorphism this equals F ^ V A(ai, . . . , a„). 

Finally, let A G 'W{k)[Xi, . . . , Xn] be an arbitrary form of degree d: A = J2aei ^aA^, where the Aq 
are monomials of degree d and G W(A:). Since k is perfect we may, for every a G /, chose such that 
F"^"^ c' = c„. We then have 



A(Vai, . . . , V a„) - ^ F'^-i c'„ V"-^ VA^i^^, . . . , a„) 
= F''-i^V^(F'*c'„.A„) 
= F'^-1V'^5]Fc„-A„ 



^d-1 ^rdi 



= F'^-^V''(FA)(ai,...,a„). 
In particular, if Cq G Zp = W(Fp) then ¥ Ca — Ca, hence F A = A. □ 
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